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Notation

thing ::=

stuff

more stuff

. . .



Notation

assumption1 assumption2 . . . assumptionn

conclusion
(rule-name)



Notation

Context ::=

•
Context, var : Type



Notation

Context ` term : Type



STLC



STLC

Type ::=

Type → Type

Bool

term ::=

var

λvar:Type. term

term term

true

false

if term then term else term



STLC

Γ, x : T ` x : T
(T-var)

Γ, x : S ` e : T

Γ ` λx:S. e : S → T
(T-lam-ann)

Γ ` f : S → T Γ ` x : S

Γ ` f x : T
(T-app)

Γ ` true : Bool
(T-true)

Γ ` false : Bool
(T-false)

Γ ` b : Bool Γ ` x : T Γ ` y : T

Γ ` if b then x else y : T
(T-if)



STLC

λb:Bool. if b then false else true



STLC

Bool→ Bool



STLC

λb. if b then false else true



STLC

term ::=

. . .

λvar. term
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Type Inference

Γ, x : T ` x ⇒ T
(T-var)

Γ, x : S ` e ⇒ T

Γ ` λx:S. e ⇒ S → T
(T-lam-ann)

Γ ` true⇒ Bool
(T-true)

Γ ` false⇒ Bool
(T-false)
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Type Inference

meta ::=

?0

?1

. . .

?n

Type ::=

. . .

meta (only during type-checking)
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?0 → Bool

?0 = Bool

Bool = Bool



Type Inference

λb. if b then false else true

Bool→ Bool



Unification



Unification

I Base types

Bool, Int, String, . . .

I Compound types

→, List, Either, . . .

I Metavariables

?0, ?1, ?2, . . .



Unification

?0 = Bool

Bool = Bool

Bool = Bool→ ?1

?2 → ?3 = ?2



Unification

Substitutions (Solutions/Unifiers)



?0 7→ Bool

?1 7→ ?2 → Bool

?2 7→ ?2

. . .

?n 7→ ?n

{
?0 7→ Bool

?1 7→ ?2 → Bool
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Applying substitutions

s =

{
?0 7→ Bool

?1 7→ ?2 → Bool

s(Bool) Bool

s(?0 → ?0) Bool→ Bool

s(?1 → ?2) (?2 → Bool)→ ?2



Unification

id = {

(s2 ◦ s1)(x) = s2(s1(x))



Unification

s is a solution (unifier) of x = y when s(x) = s(y)

s unifies x and y
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Unification

Most General (Solution/Unifier):

s is the most general solution for an equation if all other solutions s ′ can be written in
terms of s composed with some other substitution

solves(s, e)

∀s ′. ∃h. solves(s ′, e)⇒ s ′ = s ◦ h



Unification

s =
{
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= s ◦ id

s ′ =
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?0 7→ Bool

?1 7→ Bool
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{
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Unification

Idempotence:

s ◦ s = s



Unification

unify : Set Equation→ Substitution

unify({}) = id

unify({B1 = B2, rest}) =

if B1 = B2 then unify(rest) else ⊥
unify({C1(x1, . . . , xn) = C2(y1, . . . , ym), rest}) =

if C1 = C2 then unify({ xi = yi | i ∈ [1, n] } ∪ rest) else ⊥
unify({?n = t, rest}) =

let s =
{

?n 7→ t

if occurs(?n, t) then ⊥ else s ◦ unify({ s(t) = s(u) | (t = u) ∈ rest })
unify({s = t, rest}) = unify({t = s, rest})
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Unification

Why the ’occurs’ check?
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Polymorphism



Polymorphism

λx. λy. x



Polymorphism

new(?0)

new(?1)
(T-var)

Γ, x : ?0, y : ?1 ` x ⇒ ?0
(T-lam)

Γ, x : ?0 ` λy. x ⇒ ?1 → ?0
(T-lam)

Γ ` λx. λy. x ⇒ ?0 → ?1 → ?0



Polymorphism

tyvar ::=

α

β

. . .

Type ::=

. . .

tyvar



Polymorphism

Scheme ::=

Type

∀tyvar . Scheme

Context ::=

•
Context, var : Scheme



Polymorphism

∀α. α→ α

∀α. ∀β. α→ β → α



Polymorphism

freetvsType : Type → Set tyvar

freetvsType = . . .

freetvsScheme : Scheme → Set tyvar

freetvsScheme(∀α.T ) = freetvsScheme(T )− {α}
freetvsScheme(T ) = freetvsType(T )

freetvsContext(•) = {}
freetvsContext(Γ, x : T ) = freetvsScheme(T ) ∪ freetvsContext(Γ)



instantiate : Scheme → Type

instantiate(∀α.T ) = new(?n); instantiate(T )[α := ?n]

instantiate(T ) = T



Polymorphism

solve : Type → Type

solve = . . .

generalize : Context → Type → Scheme

generalize(Γ,T ) =

let T ′ = solve(T )

∀(freetvsType(T ′)− freetvsContext(Γ)).T ′



Polymorphism

Γ, x : T ` x ⇒ instantiate(T )
(T-var)



Polymorphism

term ::=

. . .

let var = term in term



Polymorphism

Γ ` e ⇒ S Γ, x : generalize(Γ,S) ` b ⇒ T

Γ ` let x = e in b ⇒ T
(T-let)



Polymorphism

term ::=

. . .

letrec var = term in term



Polymorphism

new(?n) Γ, x : ?n ` e ⇒ S ?n = S Γ, x : generalize(Γ,S) ` b ⇒ T

Γ ` letrec x = e in b ⇒ T
(T-letrec)



Polymorphism

Performance improvements:

I ’Batched’ instantiation/generalization

I ∀α̃.T

I Generalization is slow

I Lambda / Let ranking
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